Abstract N = 4 Super Yang-Mills theory is a highly constrained theory, and therefore a valuable tool to test the understanding of less constrained Yang-Mills theories. Our aim is to use it to test our understanding of both the Landau gauge beyond perturbation theory as well as truncations of Dyson-Schwinger equations in ordinary Yang-Mills theories. We derive the corresponding equations within the usual one-loop truncation for the propagators after imposing the Landau gauge. We find a conformal solution in this approximation, which surprisingly resembles many aspects of ordinary Yang-Mills theories. We furthermore discuss which role the Gribov-Singer ambiguity in this context could play, should it exist in this theory.
Introduction
The properties of the gauge-dependent correlation functions of Yang-Mills theories, especially in Landau gauge, have been a long-standing problem, see [1] [2] [3] [4] [5] [6] for reviews. The central problem is that Yang-Mills theory is strongly coupled, and contains long-range correlations. As a consequence, both lattice and continuum methods face severe challenges in calculating the correlation functions. On top of this problem comes that the definition of Landau gauge itself is becoming complicated beyond perturbation theory, due to the Gribov-Singer ambiguity [1, [6] [7] [8] .
To understand the arising problems better has led to the consideration of simpler theories, especially two-dimensional Yang-Mills theories [9] [10] [11] [12] [13] [14] [15] where the absence of dynamics reduced the problem to a pure gauge-fixing problem. However, the Gribov-Singer ambiguity appears to be only slightly less severe in this case in terms of numbers of copies [1, 16] . Therefore, it would be useful to find a gauge theory where the problem is even further simplified.
One candidate for this is N = 4 Super-Yang-Mills theory (SYM) [17] . Due to the superconformal symmetry, there is also no conventional dynamics in the theory, though not in the same sense as in two-dimensional Yang-Mills theory. Furthermore, the conformal symmetry should restrict the properties of correlation functions substantially. Finally, some arguments have been made that the Gribov-Singer ambiguity should be less severe in this theory [18] .
Hence, here we will use N = 4 SYM to test the reliability of the standard truncations employed in Dyson-Schwinger equations (DSEs) [1] [2] [3] [4] [5] . To this end, we derive the truncated Dyson-Schwinger equations in Landau gauge in section 2. After that we construct a solution respecting the conformal symmetry in section 3, demonstrating explicitly that it survives the truncation. Finally, in section 4 we comment on how to test the Gribov-Singer ambiguity in this context. We conclude with some final remarks in section 5.
Dyson-Schwinger equations
For the formulation of N = 4 SYM we follow [17] . The Lagrangian is given by
which exhibits a manifest SU(4) R-symmetry. Note that the auxiliary fields have been integrated out, and thus the supersymmetry is realized nonlinearly off-shell. The scalar fields φ ij a are in the adjoint representation of the gauge group and components of an antisymmetric R-tensor obeying the reality constraint
The fields A a µ are the usual Yang-Mills gauge fields, which are R-symmetry singlets, and contained in both the usual field strength tensor F a µν and the adjoint covariant derivatives D µ . They couple with the gauge coupling g. The topological term with vacuum angle θ will be set to zero, θ = 0. Note that such a term would not appear in the DSEs, since it is a boundary term. A non-zero value of θ would rather surface as a boundary condition to the solutions of the DSEs [19] . Finally, there is a quadruplet of Majorana fermions Ψ, where L and R indicate left-handed and right-handed, respectively, and the matrix ǫ = diag(iσ 2 , iσ 2 ) can be used to relate both In the following, correlation functions will be considered for simplicity of complex scalar and fermion fields, though when deriving the DSEs the relations between them have been duly taken into account. It is furthermore useful to define
as this combination will appear repeatedly. The Lagrangian, as it stands, is not yet gauge-fixed. As our aim is to compare to the ordinary Yang-Mills theory, we need to fix to a gauge also realizable there. It is hence not possible to chose a manifestly supersymmetric gauge. Rather, we will use the Landau gauge
which is the gauge best studied in ordinary Yang-Mills theory [1] [2] [3] [4] [5] [6] . Thus, this gauge condition hides supersymmetry, and therefore the gauge-dependent correlation functions will not be manifestly supersymmetric 1 . Especially, this also implies that renormalization is in general necessary [21] . However, since the Landau gauge condition is conformally invariant, we assume that conformal symmetry remains manifest. Our results in section 3 turn indeed out to be conformally invariant, i. e. pure power laws.
The gauge-fixing is performed in the same way as in ordinary Yang-Mills theory, and requires the introduction of a ghost Lagrangian
with a ghost and antighost fields c and c in the adjoint representation, and which are singlets under the R-symmetry. Of course, there is the GribovSinger ambiguity, to which we will only return in section 4, as this will not modify the following.
To derive the DSEs, we Wick rotate to Euclidean space-time, and follow the standard procedures to derive the DSEs [1] [2] [3] [4] [5] . However, our aim here is to investigate the implication of truncation schemes on the solutions of DSEs. Thus, we truncate the propagator DSEs at the non-perturbative one-loop level, i. e. keeping only the equations for the propagators, but looking for self-consistent solutions for them. This requires to model the vertices. The choice of models will be discussed in section 3. This type of truncation, including the gauge-fixing dynamics, was first introduced in [22] . More sophisticated truncations show quantitatively better results [23] [24] [25] [26] [27] , but the qualitative features appear to be captured already correctly by this truncation [1] [2] [3] [4] [5] 20] . The resulting four DSEs for the ghost, the gluon, the fermion, and the scalar are graphically shown in figure 1. These equations will now be discussed in turn.
The ghost equation is given by
which is identical to the one of Yang-Mills theory [2] . The ghost and gluon propagators are described by single scalar dressing functions
is the tree-level 2 ghost-gluon vertex, while the quantity without the superscript tl is the full ghost-gluon vertex. The gluon equation is given by
where in addition the scalar and fermion propagators
appear as well as the tree-level vertices
The part only involving the ghosts and gluons is again identical to YangMills theory [2] . The DSE for the fermion, suppressing Dirac indices, is given by
where only one additional tree-level vertex appears Γ tl;ψψφ * ;abc ij;kl
This equation is substantially different from the ordinary equation for quarks [2, 3] , due to the additional Yukawa interaction. The equation for the scalar is finally
with the four-scalar tree-level vertex
3 A scaling solution
Ansatz
As noted, we do not expect that the conformal symmetry is broken, as it is not explicitly broken by the gauge condition. Hence, we expect that a conformal solution should exist, i. e. a scaling solution
where x = p 2 .
Tree-level vertices
The first thing to note is that the tadpoles can be computed, since only the tree-level vertices are involved. In both the scalar and the gluon equation they cancel each other exactly if b = 3s. Since if the tadpoles would otherwise lead to divergences, which would require a gauge-non-invariant mass counter-term for the gluon [1], this relation is imposed, removing the unknown b from the system. To make progress requires to make ansätze for the remaining vertices. The first choice are using the tree-level vertices of section 2. This yields the reduced equations
Herein C A is the adjoint Casimir of the gauge group. The integral kernels are given by
where x = p 2 is the external momentum squared, y = q 2 is the loop momentum squared, and z = (p − q) 2 . Since the R-symmetry does not alter the momentum dependence, those not involving the fermions agree with the ones of the pure Yang-Mills-scalar theory in the same truncation [29] . Following [1- 3, 22] , the resulting integrals can be calculated using the formula [30] 
(1) This formula is actually only correct if the integrals are finite. Otherwise, its usage defines regulated versions of the integrals. In general, the integrals are not finite for arbitrary exponents κ i but can have divergences. As noted above, this is actually expected, due to the choice of Landau gauge. We employ here a renormalization scheme, in which all counter-terms δZ i are chosen as
where the function f (Λ) is a divergent quantity such that the integrals evaluate exactly to the form (1). The addition of the −1 is a possible finite shift of the renormalization constants, and is used to cancel all tree-level terms in the following. Note that with the final results many of the integrals are actually finite, and thus the functions f vanish in these cases, leaving only the finite renormalization. Furthermore, no mass counter-terms are necessary, as no divergences requiring them appear. The resulting set of equations then takes the rather simple form
1 3s
where the precise values of the prefactors g 1 , z i , f i , and s i are not relevant for now. The deceisive difference compared to similar calculations in ordinary Yang-Mills theory [31] [32] [33] is that here a solution is required for all momenta, while in the Yang-Mills case only a solution in the infrared was searched for. As a consequence, it is not possible to consider any of the terms as subleading, and in fact a solution is needed which solves all the equations (2-5) simultaneously, and completely for all momenta.
The ghost equation is the logical starting point, as it has only a single term. For any consistent solution, this requires
which is incidentally the same relation as found in the Yang-Mills case [22] . However, this relation ensures that the running coupling, which can be defined in this scheme analogously to the miniMOM scheme in Yang-Mills theory [22, [34] [35] [36] , as
is then necessarily momentum independent. Thus, any solution satisfying (6) indeed exhibits a conformal behavior in this coupling. In particular, this implies that the present truncation preserves the conformal nature of the theory so far 3 . In the equation for the fermion, it is only possible to find a solution, if all three terms show the same scaling. This requires
thus linking in a very similar way to the ghost and gluon relation (6) the exponents of the fermion and the scalar. However, this leads to a problem in the scalar equation (5), as now here all three terms cannot cancel. Solving the scalar equation first would lead to a similar problem in the fermion equation. Thus, the current truncation does not yield a result.
An improved truncation
There are a multitude of possibilities to do so. Arguably the simplest possibility is by introducing a dressing for the scalar-gluon vertex, since the scalar-gluon vertex can have only a single tensor structure, for the same reason the ghost-gluon vertex has only a single tensor structure in Landau gauge, and because the gluon has a trivial R structure. The situation is more complicated for the fermion-scalar or fermion-gluon vertex.
Thus, the vertex can receive at most a single, Bose-symmetric multiplicative dressing. The simplest conformal possibility is 4
This multiplies the corresponding diagrams with a further constant S. Note that this is not necessarily the actual behavior of the scalar-gluon vertex, but merely designed to make the system solvable. Including, e. g. also the two-loop terms or other vertex dressings would potentially lead to a different dressing function. Due to (1), a dressing like (8) translates into addition in the exponents. The modified result can thus be read off immediately. Requiring 2α 1 + α 2 = 6κ 3 then solves simultaneously the fermion and scalar equations, provided the conditions (6), (7), and
hold. Then, there is just one single κ left. This ansatz immediately solves also the gluon equation (3), except for the gluon loop. Its remaining exponent is −4κ, and is thus not compatible with any of the other terms, which all have the exponent −2κ. Thus, also the three-gluon vertex requires dressing. However, due to the Bose symmetry, any dressing ansatz of the type (8) can have only a single exponent, α. Additionally, there can be four different transverse tensor structures.
To have the same momentum structure as the other terms in the gluon equation requires this single exponent to satisfy α = 2κ.
But this value turns out to be pathological, as then the prefactor of Γ-functions in (1) actually diverges for all possible tensor structures. The resolution we choose here is to force the prefactors of the different tensor structures to such values that the gluon loop cancels itself for any value of the exponents different from 2κ. Then, this term drops out. This completes our truncation. This is possible for an infinite number of different values of the prefactors, as only their relative size needs to be fixed. In fact, it is even possible to cancel either pairwise two tensor structures, include only three tensor structures, or require all four tensor structures to cancel.
It is interesting to note that this truncation also ensures, for every value of the exponent κ, that the running couplings derived from the bare fermionscalar and fermion-gluon vertices [36] 
are then also constant. This is also true, at the symmetric point, for the scalar gluon vertex, since for it follows [36] 
For the three-gluon vertex, this is actually not possible to show, as the required value is just the pathological one. Thus, for all couplings, which can be analyzed, the conformal nature is manifest.
Numerical values of the exponent κ and the prefactors
The only remaining part is then to determine the actual value of κ and the remaining coefficients. To do so, it is useful to note that the factor
can be extracted from all loop integrals. As a consequence, the conditions for a solution for the four equations read
where F = a/f , B = S(b/a) 2 = 9S(s/a) 2 . These are thus four equations for the four unknown quantities a 2 s, F , B, and κ.
Eliminating the three constants yields a conditional equation for κ,
which is just a fourth-order polynomial for κ. Two solutions are complex, one is larger than one, and only one solution is between 0 and 1, and therefore provides propagators still compatible with the interpretation of a tempered distribution. The value is approximately
which is a value quiet close to the value of the corresponding exponent in the so-called scaling solution of Yang-Mills theory of about 0.59 [31] [32] [33] [37] [38] [39] .
The equations for the other quantities are then, quoting only positive, real solutions,
which also shows that the result is valid for any gauge coupling and gauge group. Note that there are in total four quantities still undetermined, a, f , s, and S, and only their ratios are fixed, leaving an over-all scale open. But, most importantly, all of these can have positive values, creating suitable propagators. The only remarkable feature is that the gluon and scalar have necessarily a prefactor of the same size, while the one of the fermion is about three orders smaller than that of the ghost. There is no fixed relation between the one of the ghost and the one of the scalar, so these two can once more differ substantially, which also yields possibly again a very different order of magnitude for the pre-factor of the scalar-gluon vertex.
Summarizing the result
This completes the solution,
where the ghost prefactor has been chosen to be the independent constant, and α 1 is some arbitrary exponent. The three-gluon vertex is only constrained by the demand that the gluon loop cancels itself. All other vertices remain bare. The value of κ is about 0.69, and the ratios of all remaining prefactors is fixed. This solution is highly non-trivial, and at the same time realizes the conformal properties of the theory. Note that, like in the scaling solution of Yang-Mills theory [22, 37, 38] the ghost diverges, while the gluon vanishes. In addition, the fermions also diverge in the infrared, while the scalars also vanish, mirroring the Yang-Mills sector.
The Gribov-Singer ambiguity
One topic which should be briefly discussed here is the question of the Gribov-Singer ambiguity. It has been conjectured for Yang-Mills theory in three and four dimensions [20, 40] that the differing ways of treating Gribov copies could reflect upon itself in the infrared properties of the correlation functions, creating a family of solutions. Such a family is indeed observed in the solutions of DSEs for Yang-Mills theory [20, 41] , and some limited, but not yet conclusive, support is available from lattice calculations [1, 40, 42, 43] . In Yang-Mills theory, the different solutions differ by the infrared behavior, characterized by the inverse ghost dressing function at zero momentum which varies continuously between 0 and some finite number of order 1. A value different from 0 is in one-to-one correspondence with an infrared finite gluon propagator.
Such a behavior would not be compatible with conformal symmetry, as the finite gluon propagator would then define a mass scale. Besides the obvious possibility that there is no Gribov-Singer ambiguity in N = 4 SYM, as argued in [18] , there are two more options. One is that since these are statements about gauge-dependent quantities, they may also break conformal symmetry, just like the Landau gauge condition already breaks supersymmetry, while all gauge-invariant quantities remain manifestly conformal (and supersymmetric).
The other option comes from the situation in two dimensions, which is somewhat different. In this case the ghost dressing function is necessarily infrared divergent [14, 15, 44] . There is, however, some indications from lattice calculations [1, 16, 40] that in this case the approach to infinity may be modified, but this requires many more tests. This would yield a possibility consistent with both conformal symmetry and a non-trivial Gribov-Singer ambiguity. The latter is, however, remarkable, as also in two dimensions the argument was made that the Gribov-Singer ambiguity is essentially different from higher dimensions [12] , in a very similar way as in N = 4 SYM [18] . Thus, it may well be that the situation in both cases are similar, as may be expected from the absence of dynamics in both cases.
The first case requires to find full, non-conformal solutions to the system, which is already in the Yang-Mills case a formidable problem [1, 20] . The other option will require modification of the vertices and/or inclusion of two-loop diagrams, as with the present truncation there is one and only one solution. However, already the analytic solutions for the conformal case of the diagrams appearing in three-point vertex equations are far more complicated than for the propagator equations [45] , and thus will require a more elaborate investigation. Also, an all-equations construction like in Yang-Mills theory [31, 32, 46] is at least involved, as in N = 4 SYM all diagrams could in general contribute, and it is not clear whether dominant diagrams can be identified to simplify the solution. Thus, both approaches are beyond the present scope.
A possible check would also be the investigation of the Gribov-Singer ambiguity using lattice methods, as such calculations for N = 4 SYM are possible [47, 48] . This is under way.
Summary
We have constructed a conformal solution for the Landau-gauge DSEs in N = 4 SYM in the same approximation which has been used for a large number of corresponding studies in ordinary Yang-Mills theory. Thus, this approximation conserves the relevant qualitative properties. In fact, we find consistently for all couplings accessible in our truncation a conformal behavior. The only serious problem encountered was connected with the three-gluon vertex, which in this truncation required self-cancellations to not spoil the solution.
Though this is an encouraging result, the analysis of it with respect to the Gribov-Singer ambiguity shows that there is still a lot not understood, and several avenues for future research have been outlined. Eventually, it should be possible to find a full solution of the theory using DSEs. But this will still require serious effort.
